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Abstract
Energy-based surface models are commonly used in computer vision to interpolate sparse data, to smooth noisy depth
estimates, and to integrate measurements from multiple sensors and viewpoints. Traditionally, a single surface estimate is
produced with such rnodels. Probabilistic surface modeling, which describes distributions over possible surfaces, enables us to
integrate such measurements in a statistically optimal fashion, to model the uncertainty in the surfaces, and to develop sequential
estimation algorithms. When applied to 2- 112 -I) surfaces, probabilistic modeling allows us to incrementally estimate depth maps
from motion image sequences and to integrate sparse range data using elevation maps. To obtain more accurate models of
depth, we show how to jointly model depth and intensity images.
To better represent the structure of the visual world, we must use full 3-D surface models, These arc usually represented
using parametric surfaces, which can create difficulties when the surface topology is unknown. To overcome these problems,
we develop an incremental patch-based 3-1) surface estimation algorithm. Wc then compare surface and feature-based methods,
and propose a unified representation which encompasses both methods.

1.

Introduction

Surfaces are widely used in computer vision as an intermediate representation for modeling the shape of our environment.
When combined with other attributes such as color and retlectivity, the geometric description provided by surfaces is sufficient
to account for most of the optical phenomena we see in real-world images. Surface descriptions can be used directly in a
number of vision-based tasks such as navigation (obstacle avoidance), manipulation (choice of grasp points), and automatic
3-D model acquisition. They can also be used as an intermediate stage in object recognition algorithms, since they provide a
more stable and useful description than the original intensity images.
Probabilistic models are a powerful tool for dealing with the noisy nature of real-world sensors and for incorporating
external (a priori) knowledge about problem domains. They are particularly useful when we aggregate information from
multiple modalities (multisensor fusion) and/or incorporate information over time (sequential estimation). Probabilistic models
not only allow us to compute optimal estimates, but also give us a quantitative measure of the uncertainty in these estimates.
The application of probabilistic models to surface descriptions is a fairly recent development [GG84, Sze89]. This is because
the probabilistic modeling of surfaces poses a number of fundamental problems and limitations. First, the high dimensionality
of surface-based descriptions makes it expensive to model higher order statistics such as covariances. Fortunately, Markov
Random Field models [GG84] can help us here. Second, while parametric models of surfaces have attractive properties such
as viewpoint invariance, the automatic selection of parameterizations remains an open problem. Third, while researchers have
developed optimal sequential estimation algorithms for pure geometric entities such as points, lines, and planes [Aya91 J, we
cannot yet estimate surfaces with comparable accuracy.
This paper surveys the probabilistic modeling of two and three-dimensional surfaces and provides novel solutions to some
of these outstanding problems. We begin with a review of visible surface modeling, Bayesian modeling, and uncertainty
modeling applied to 2 112 -0 surfaces. We show how these probabilistic models can be used to incrementally estimate surfaces
from multiple optic flow and range data measurements. We introduce a new coupled depth and intensity estimation model and
show how it improves the convergence rate of incremental surface estimation. Turning to 3-D surfaces, we review parametric
surfaces and discuss the difficulty of determining good parameterizations for complex objects. We propose a solution which
involves sequentially estimating surface elements and then postprocessing them with a particle-based surface interpolator. We
present a comparison of surface-based and feature-based representations, and close with a proposal for merging the two.
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2.

Visible surface modeling

The traditional approach to modeling visible surfaces in low-level and intermediate-level vision is to use a collection of two
dimensional piecewise continuous functions computed directly from input images. Such representations were first suggested by
Marr rMar78], whose 2 112 -dimensional (2 1/2 -0) sketch encodes local surface orientation and distance to the viewer as well as
discontinuities in the orientation and distance maps, and by Barrow and Tenenbaum [B178], whose intrinsic images represent
scene characteristics such as distance, orientation, reflectance, and illumination in multiple retinotopic maps.
The computational theory of visible surfaces has been formalized using a number of techniques, including variational
principles [Gri83], regularization [PTK85, Ter88J, and physically-based modeling [TWK87]. In regularization, a visible
surface is computed from a set of constraints d (such as those provided by stereo matches) by finding the function u which
minimizes the weighted sum of two energy functionals

(1 )
The data compatibility functional £d(u, d) measures the distance between the solution and the sampled data d, the stabilizing
functional E; ( u) measures the smoothness of the solution. The regularization parameter A controls the amount of smoothing
performed.
An example of regularization applied to visible surface modeling is the interpolation of a piecewise continuous surface
u(x, y) through a sparse set of data points {(Xi, s., di )}. The data compatibility term in this case is a weighted sum of squares

(2)
where the confidence

Ci

is inversely related to the variance of the measurement d., i.e.,

Ci

== (J";2. The smoothness functional is

(3)
where p(x, y) is a rigidity function, and T(X, y) is a tension function [Ter86b]. The rigidity and tension functions are used to
introduce depth (p(x, y) == 0) and orientation (T(X, y) == 0) discontinuities (Figures 1a and 1b). The minimum energy solution
of the above system is a thin plate surface under tension [Ter86b J.
To compute a numerical solution to a regularized problem, we first convert the functionals £d(u, d) and E; (u) to discrete
energy functions using finite element analysis [Ter88, Sze89]. Ifwe fix the continuity control functions p(x, y) and T(X, y) and
discretize the surface using a fine rectangular mesh, these energy functions are quadratic with a simple regular structure. 1 The
data compatibility function becomes

(4)
where u is the discretized surface, d are the data points, and Ad is a diagonal matrix (for uncorrelated sensor noise). The
discrete smoothness energy is
1 T
Es(u) == 2u Asu,
(5)
where As is sparse and banded, with a bandwidth equal to one of the image dimensions.' The rows of As can be described in
terms of computational molecules [Ter88].
The resulting total energy function E( u) is quadratic in u
1

E(u) == -uT Au  uTh + c,
2

(6)

with

(7)
The energy function has a minimum at u * , the solution to the linear system of algebraic equations

(8)

Au == h.
1 We
2 In

prefer discretizations that do not depend on the data since these are easier to use in sequential estimation applications.
finite clement analysis, As is called the stiffness matrix.
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(c)

(d)

Figure 1: Sample data and interpolated surface: (a) data points, (b) thin plate solution with two depth and two orientation
discontinuities, (c) random fractal sample from posterior distribution, (d) uncertainty (variance) field (see Section 4). The depth
discontinuities are shown as missing line segments, while the orientation discontinuities appear as white dots at the nodes.
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The energy can thus be rewri tten as

E(u)

= ~(u 2

u'f A(u - u')

+ k.

(9)

Once we have derived the discrete energy function, we can use a variety of techniques to find the minimum energy solution
For large sparse systems such as the ones obtained with our fine discretization, the most efficient and parallelizable
techniques arc iterative relaxation algorithms such as successive overrelaxation [BZ87], multigrid relaxation [Ter86a], and
hierarchical basis conjugate gradient descent [Sze90a]. Alternative multiresolution representations of the surface can also
be used [ST89b, Sze89]. The design of efficient and robust algorithms for computing visible surface representations, which
includes the important problem of discontinuity detection, has been the subject of a great deal of research in computer vision
(see [BZ87, Ter88 , Sze89] for reviews).
u *.

3.

Bayesian modeling

A Bayesian model is a statistical description of an estimation problem that consists of two separate components. The first
cornponent, the prior model, p( u), describes the probability distribution of our state u (in this case, a surface) in the absence of
any sensed data. The second component, the sensor model, p( diu), describes the probability of sensing values d if the surface
u is viewed. These two probabilistic models can be combined to obtain a posterior model, p(ujd}, which allows us to draw the
backward inference, describing the probability that the surface u has been viewed given that data values d have been sensed.
To compute this posterior model we usc Bayes' Rule

d) == p( diu) p(u)
p(d)
,
p( u I

( 10)

with the normalizing denominator

p(d) == 2:p(dlu).
u

When applied to surface representations, the prior model is used to bias the solutions towards smooth surfaces, i.e., to
encode the smoothness constraint [Sze87, Sze89]. This can be done conveniently by using a Gibbs (or Boltzmann) distribution
of the form
1
(11 )
p(u) == - exp( -Es(u)),

Zs

where E; (u) is the discrete smoothness energy defined in (5), and Zs (called the partition functions is a normalizing constant.
Because the energy function E; (u) can be written as a sum of local clique energies, the prior distribution (11) is a Markov
Random Field [GG84].
For surface interpolation, the sensor model is a discrete sampling of the surface u with white (independent) Gaussian noise
added to each measurement. This multivariate Gaussian distribution can be written as
1

p(dlu) == - exp( -Ed(u, d)),
Zd

(12)

where Ed (u, d) is given by (4). More sophisticated sensors models can easily be developed and used within this Bayesian
framework [Sze89, ST91a].
We are now in a position to derive the posterior distribution p(uJd) using Bayes' Rule. From (10), (11) and (12) we have
p ( u [d ) --

p(dlu)p(u) -- ~ exp (-E())
u,
p(d)
Z

(13 )

where
(14 )
The maximum a posteriori (MAP) estimate U, i.e., the value of u that maximizes the conditional probability p(u Id), is the same
as the surface 11 * which minimizes the discrete energy E( u) obtained from regularization.
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4.

Probabilistic surface modeling

While energy-based and Bayesian modeling may ultimately yield the same estimate, there are several advantages to the
probabilistic formulation. First, the statistical assumptions corresponding to a smoothness constraint can bc explored by
randomly generating samples from the prior model [Sze87]. This also gives us a powerful method for generating stochastic
surfaces such as fractals (Figure lc) [ST89a]. Second, the data constraint energies can be derived in a principled fashion from
the known noise characteristics of the sensors [Sze89, ST9la]. Third, the uncertainty in the posterior model can be quantified,
as we show below. Fourth, Bayesian modeling can be used to integrate multiple measurements [MKS891, as we show in Section
5. Additional uses and advantages of the probabilistic modeling of visual primitives can be found in [Sze89, ST9la, Aya9l].
To compute the uncertainty in our posterior estimate, we note that the posterior distribution p(ujd ) given by (13) is a Gibbs
distribution with a quadratic energy given by (9). This distribution is a multivariate Gaussian with mean u * and covariance
A -1 . Thus, to characterize the uncertainty, we need only invert the matrix A.
In practice, computing and storing A -1 is not feasible for surfaces, because while A is sparse and banded, A -1 is not.
We can obtain a reduced description of the uncertainty if we compute only the diagonal elements of A -1, i.e., the variance at
each point on the surface [Sze89]. We have developed two methods to compute this variance. The first involves computing the
values sequentially by replacing the right hand side of (8) with unit vectors. The second method uses a Monte-Carlo approach
which generates random samples from the posterior distribution and accumulates the desired statistics [Sze89]. The uncertainty
(variance) map for our interpolated surface is shown in Figure ld.
The uncertainty modeling method we have developed is just one of several possible approaches. Spatial likelihood maps
have been developed for surfaces represented in spherical coordinates [Chr87]. Occupancy maps [EM87] indicate the likelihood
of a surface being present in a two- or three-dimensional array. The advantage of our energy-based formulation is that it explicitly
models the correlation between adjacent points on the surface.
Uncertainty maps can be used to grow a "confidence region" around the surface estimate, indicating an envelope within
which the surface is likely to lie. This can be useful in navigation and manipulation applications, and can also be used to
determine where additional sensing would be helpful (act.ive vision). However, the most useful application of uncertainty
modeling is in the sequential estimation of surface shape, as we discuss next.

5.

Incremental surface estimation

Bayesian models of surfaces are particularly well suited to integrating information from multiple measurements (multisensor
fusion) or estimating surface shapes over time (sequential estimation). When the surfaces or observer are moving or changing
over time, our problem becomes one of dynamic system estimation. Such problems can be solved using either batch processing
techniques such as epipolar plane image analysis [BBM871 or by sequential estimation algorithms such as the Kalman filter
[GeI74]. The advantage of the Kalman filter is that estimates are available immediately and that the storage costs are reduced.
The Kalman filter extends the Bayesian model by adding a system model to the prior and sensor models. In the Kalman
filter, the prior model is a multivariate Gaussian with mean Uo and covariance Po denoted by

u

~

N(uo, Po).

(15)

Po

For surface estimation problems, we set Uo == 0 and
1 == As. The sensor model relates each new measurement vector d , to
the current state uj, through a measurement matrix H k and the addition of Gaussian noise rk,
(16 )

For surface interpolation, we let H k == I and R k1 == Ad. The system model describes the evolution of the current state vector
Uk over time using a known transition matrix F k and the addition of Gaussian noise qk,

(17)
To compute the current state estimate Uk, we first predict or extrapolate the old estimate

and its covariance P k-1
(18)

Fk Uk-1

F k P k - 1F

Uk -1

f + Qk.

(19)

We then correct or update the estimate and its covariance
(20)

(21)
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(a)

(b)

Figure 2: Depth map computed from image sequence: (a) first frame of image sequence, (b) intensity-coded depth map
computed from combined sequence of horizontal and vertical motions
Of the above four equations, the first three are expressed in terms of the covariance matrices P k, while the fourth uses the
inverse covariance (or information) matrices (which we can denote by Ak). For surface modeling, we showed in Section 4
that the information matrices are sparse, while the covariance matrices are not. Our implementation of the Kalman filter for
surfaces therefore uses information matrices to model the uncertainty. This involves performing a linear system solution of

in (20), and finding a way to implement (19) using inverse covariances. This can be achieved by partitioning the information
matrices into a diagonal matrix arising from the measurements (HIRk1HI in (21)), and a banded matrix encoding the
smoothness constraint (P 0- 1) which is assumed not to vary over time [Sze891. Similar ideas can be applied to other physically
based models in computer vision [ST91a].
To demonstrate the utility of the sequential estimation of surfaces, we will briefly review two applications. The first algorithm
builds a dense depth map from a sequence of images where the motion of the observer is known [MKS89]. The input to this
algorithm consists of optic flow fields computed from successive pairs of images. These flow fields are converted into disparity
(inverse depth) maps, which are then aggregated over time using the 2-D Kalman filter. Regularization-based smoothing is used
to reduce the noise in the flow measurements and to fill in areas where flow was not reliably estimated. A key feature of this
method is that the variance of each flow measurement is estimated locally from the shape of the correlation surface, and this
variance is propagated through the Kalman filter [MKS89]. To keep the representation iconic (2-D image-based), the disparity
and uncertainty maps are warped (re-sampled) between frames using the current disparity estimates to predict the amount of
inter-frame motion.
A second application is the registration and fusion of multiple range data images obtained from a moving vehicle [Sze88].
A single stationary terrain map is used to fuse the multiple measurements. The estimated position of the observer is refined by
finding the motion which minimizes the distance between the new measurements and the surface. Because large areas of this
map may be "shadowed" (not visible) from earlier viewpoints (Figure 3), the direct matching of new measurements to the old
surface leads to incorrect motion estimates. Using a Bayesian model which takes into account the spatially varying uncertainty
in the surface, we can derive a statistically optimal metric which uses both the old and new surface estimates in the computation
of the distance [Sze88]. An additional advantage of the Bayesian model is that we can compute the uncertainty in the motion
estimate directly from the shape of the error surface.

6.

Joint estimation of depth and intensity

While the incremental computation of visible surfaces based on probabilistic surface modeling has produced impressive results,
its theoretical convergence rate is poorer than that of feature-based approaches [MKS89]. An intuitive way to see why is to
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(b)

Figure 3: Motion estimation from range data [Sze88]. Two data sets (not shown) arc used to incrementally compute the surface.
Shown are the interpolated surface computed from (a) first sparse block data set (b) both sparse block data sets
consider disparity estimation as line fitting in a spatio-temporal cube of image data. An edge-based estimator which estimates
both the disparity (slope) 'and sub-pixel location (intercept) of these lines has a variance of u}(n) ex 1/n3 , where n is the
number of images [MKS89]. An iconic algorithm which averages successive displacements is equivalent to a stereo match
between the first and last image, and therefore has uJ(n) ex 1/ n2 .
The reduced rate of convergence occurs because we ignore the temporal correlations between successive flow measurement
[MKS89]. One way of compensating for such correlated measurements is to introduce additional state variables rOeI74]. In
OUf case, the most natural choice of variable is the intensity distribution over the surface. To achieve the optimal rate of
convergence, we estimate both the disparity and intensity fields and model the correlation between these t\VO fields.
In our new formulation, it is no longer necessary to use a separate flow computation module (although we may wish to usc
one initially to provide more robust disparity estimates). Instead, we usc a single measurement equation which relates new
images to the underlying disparity and intensity fields. The equations defining the temporal evolution of the intensity f and
disparity d fields (assuming no occlusions) for a camera translating horizontally are

f(x + tlt d(x, y, t), y, t + ~t)
d(x + ~t d(x, y, t), y, t + tlt)

f(x,y,t)
d(x, y, t).

(22)
(23)

Oi ven a sequence of noisy sampled images

g(x,y,t) == f(x,y,t) +n(x,y,t),

(24)

we could solve for the intensity and disparity at time T using a batch minimization algorithm. With the addition of appropriate
smoothness constraints on f and d, this would be regularized depthfrom motion.
If we wish to estimate the current intensity and disparity images in an incremental fashion, we can use the extended Kalman
filter [OeI74, p. 188]. In this model, we replace (17) and (16) with

+ qk,
+ rk,

fk(Uk-l)

hk(Uk)

qk ~ N(O, Qk)

(25)

N(O, R k ).

(26)

rk

rv

We then use the same updating equations as before with
(27)
(28)
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To apply the extended Kalrnan filter to (22) and (23), we must discrctize the
leads to a set of warping equations

fk(i,j)
dk(i,j)

f and d functions in both space and time. This

+ d k -1 ( i, j), i, I» -1 ( i, j)} )(i, j)
interpolate({( i + d k - 1(i, j), j, d k - 1 (i, j)})( i, j),
interpolate( {( i

(29)
(30)

i.c., the new intensity and dispari ty fields arc obtained by interpolating through the collection of shifted intensity and disparity
estimates and then re-sampling [MKS89]. The system transition matrix F k , which is the Jacobian of the above set of non-linear
equations, models the dependence of the new states on the old states. In particular, F k contains entries which link the new
intensities to the old disparities through an approximation to the intensity gradient.
Because the covariance matrix of thc predicted fields models the correlations bet.ween the intensity and disparity estimates, a
simple discrete measurement equation based on (24) is sufficient to update both fields. A disadvantage of the above formulation
is that if the previous estimate Uk-l of f(x, y) and d(x, y) was not accurate, then the value of Fk will not be very good. A
better solution is to use (29) itself as the measurement equation. We can then use the iterated extended Kalman filter [GeI74,
p. 190] to repeatedly calculate Uk and H; until good convergence is obtained.
While it has yet to be tested empirically, the joint modeling of intensity and disparity has the potent.ial for improving the
accuracy of depth from motion algorithms and for simplifying their implementation.

7.

3-D surface modeling

The computation of visible surface representations (2-D depth or elevation maps) is a useful step in the construction of higher
level shape descriptions, and can also be used directly in a number of applications such as obstacle avoidance. For many vision
applications, however, we need a representation that can integrate surface descriptions from widely disparate views. Such
applications require the use of full 3-D surface models, which are generally viewpoint invariant and can represent parts of the
surface that arc not currently visible. For example, wemay wish to represent the full 3-D shape of an object as it rotates in front
of a camera rSze91]. Alternatively, we may wish to model the shape of the environment behind a mobile robot which was seen
from previous viewpoints.
Choosing an appropriate representation for 3-D surface is not as straightforward as it was for visible surfaces, where scalar
functions defined over two-dimensional domains provided a natural and convenient representation. The simplest way to extend
visible surfaces to 3-D is to use parametric surfaces, where the 3-D coordinates of a surface x == [X Y ZJ are functions of the
underlying parameters (u, 'l)) E [0, 1J2. The elastic properties of the surface can be specified by applying the same smoothness
energies as were used for the piecewise continuous spline under tension (3) to each component of x independently. The resulting
patch behaves somewhat like a deformable sheet of paper or a thin stretchable membrane.
To obtain a 3-D surface more suited to modeling true 3-D objects, we can "seam" together the two opposite edges of the
parametric sheet u == 0 and u == 1 to obtain a deformable tube model. The symmetry-seeking models of Terzopoulos, Witkin,
and Kass [TWK87], couple this tube model XT (u, v) with a deformable spine Xs (v) to obtain a physically-based model that
responds to image forces. A simpler, though less flexible, version of this model is a cylindrical representation, where the radius
is a function of angle and height r( 0, z). Other prirnitivcs that may be suitable for modeling 3--D surfaces include generalized
cylinders [BCiB79], where an arbitrary cross section is swept along a spine curve, and superquadrics [Pen86].
Probabilistic surface modeling can be applied to 3-D parametric surfaces just as easily as it was to 2- Ih-D surfaces. Because
surface modeling is always a combination of internal smoothness constraints and external data fitting constraints, we can still
build prior and sensor models to reflect these two components, using the Gibbs distribution to link energies with probabilities.
As the energies become more complicated, we may no longer be able to rnodel the surface as a correlated Gaussian field (because
the energies are not quadratic), but we can still develop appropriate Bayesian models. Sequential estimation algorithms based
on the extended Kalman filter can still be developed, although will no longer be optimal compared to batch algorithms.
Nevertheless, the same advantages originally obtained using probabilistic models, which include the ability to sensibly weight
new measurements and to model the uncertainty in our estimates, are still available.
A potential disadvantage of a parametric representation is that many different parameterizations can be used to represent the
same surface, which can complicate the matching of surfaces in recognition tasks. A solution to this problem is to reparameterize
the sheet using canonical parameters based on local curvature [VTL89]. A more serious disadvantage is that the topology of the
parametric surface (and sometimes even its rough shape) must be known in advance before it can be fitted to data. In computer
graphics, where the emphasis is on modeling, this problem has attracted a fair deal of attention [L090]. In computer vision,
the application of parametric surfaces has been limited to simple topologies such as sheets [VTL89] or cylinders [TWK87]. A
more general solution, based on systems of interacting particles, will be presented at the end of the next section.
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Figure 4: assam image sequence: (a) first image (b) depth map from flow (darker is nearer) (c) top view of 3-D point cloud

8.

Incremental 3-D patch/point estimation

To investigate the feasibility of incremental 3- 0 surface modeling, we have been studying the construction of such models from
image sequences of objects rotating in front of a camera [Sze90a]. In our setup, a single object rotates on a turntable which has
been marked so that the current angle of rotation can easily be determined (Figure 4a). Because the camera parameters have
already been determined in a pre-calibration phase, we know for each image the exact 3- 0 transformation relating the turntable
(object) coordinates to the camera coordinates. Our problem is thus the standard depth (rom known motion problem, except
that we wish to recover a full 3-D shape description. We call this problem shape from rotation, to emphasize that we wish to
integrate and represent shape information from a full 360 0 range of views.
Many different techniques could be used to extract 3-D information from this sequence of images. One of the simplest is to
compute a bounding volume for the object by intersecting thevolumes formed by the binary object silhouettes and the camera
centers [Sze90b]. Other approaches involve tracking curves on the object's silhouette and surface [CB90]. The technique which
we describe here uses optic flow measurements to compute a dense and detailed surface model [Sze91]. It is thus similar to
incremental iconic depth from motion estimation [MKS89], except that the surface shape is not represented as a 2-D map.
Ideally, we would like to represent our 3- 0 surface in parametric form. However, constructing such as representation before
a rough surface shape is known is not possible. We therefore adopt a different approach, where each optic flow measurement is
converted to a 3-D point with an associated 3-D covariance matrix (Figures 4b and 4c). Each of these points represents a small
patch of the surface (alternative methods for estimating and tracking such patches can be found in [HCCF88, RW91 ]). Even
though these points are not explicitly connected into a surface (since it may be difficult to reliably segregate points on different
surfaces), they form a dense model of shape, unlike pure edge- or feature-based representations.
As successive image pairs are processed, we wish to integrate and merge our 3-D measurements in order to reduce positional
errors and to build a full 3-D model. Instead of warping our description to keep it iconic, we keep a list of 3-D points, where
each point has both a position and a 3 x 3 covariance matrix that reflects the confidence in that measurement. This allows us
to represent points that are not currently visible, and avoids reducing resolution as the surface slants away from the camera. To
avoid an excessive buildup of points and to increase the accuracy of point locations, we merge points from adjacent viewpoints
if their projected centers lie within a 112 pixel in the image plane, and if their difference in depth (weighted by their joint
uncertainty) is below a threshold [Sze91]. The resulting algorithm incrementally builds a surface description represented as a
cloud of points whose accuracy improves over time (Figure 5).
The next step in building our 3-D surface model is to take this collection of 3-D points and to interpolate a surface through
them. If we do not know the desired parametric form or a rough shape for the surface, this problem can be quite difficult.
To solve this dilemma, we have developed a new 3-D surface interpolation model based on interacting oriented particles
[ST91b J. These particles, which represent local surface patches, have energy functions which favor the alignment of normals
of neighboring particles, thus endowing the surface with an elastic resistance to bending. The particles also have a preferred
inter-particle spacing distance, which encourages a uniform sampling density over the surface. We can think of these particle
as being a mesh-based (finite clement) description of the surface, and the inter-particle energies as discrete approximations to
some smoothness metric computed over the surface. To interpolate across gaps in the surface where there arc no data points,
we add new particles where it is energetically favorable. We can also delete points in areas where the sampling density is too
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Figure 5: Final merged data from assam image sequence: (a) top view (b) oblique view (c) front view (d) side view. The
wireframe cube represents the object coordinate system.

high. Once the particles cover the whole object in a uniform manner, we can obtain an explicit surface model by triangulating
the point locations.

9.

Comparison with feature-based methods

An alternative to directly modeling and estimating surfaces is to compute a visual description based on simpler geometric
entities such as points, lines, and planes [Aya91] or 3-D space curves [KWT88]. These simpler primitives have several
potential advantages when compared to full surface descriptions. First, because the reduced description completely describes
the primitive (e.g, the 5 parameters for a 3-D line) we can obtain better accuracy in the estimation of these parameters. Second,
matching features may be less computationally expensive than computing quantities such as optic flow. Third, the parameters
describing each feature can be updated independently, which can be much faster than the iterative smoothing required when
using correlated fields. Fourth, because the description does not have to be re-sampled, the implementation is much simpler
and there is no potential loss of accuracy. Fifth, features such as edges may be more stable under changes of illumination or
viewing directions than raw intensities. Sixth, edges or other features may be a sufficient representation for many vision-based
tasks such as recognition and positioning [Low85].
On the other hand, feature-based descriptions have a number of limitations and potential disadvantages. It may not always
be easy to find features such as lines or curves reliably in images, especially in smoothly varying or in highly textured areas.
In particular, methods based on line segments may only work in restricted man-made environments. Features may also shift
position depending on the local structure of the image or may disappear and reappear under small changes in viewpoint. The
correspondence problem of matching features may sometimes be more difficult or expensive than image-based correlation,
especially when the local intensity structure around the feature is ignored. Perhaps the most serious drawback is that if a
surface-based description is to be computed from a collection of 3-D geometric primitives, this process may be more difficult
and error-prone than estimating the surface from the beginning.

10.

Towards robust 3-D surface estimation

How do we determine which of these representations is more suitable for vision applications? While the answer will often
be task-dependent, we can consider building a representation which simultaneously models both surfaces and discrete features
lying on these surfaces. Features such as edges can be represented as discontinuities in the intensity distribution, and their
sub-pixel 3-D location can be explicitly modeled. Intensity edges can serve as potential candidates for depth discontinuities or
creases [OP87]. The position of intensity edges can be updated by matching their projection to the output of image-based edge
detectors. Edges also locally modify the smoothness constraints on the intensity and shape fields [Ter88].
A possible discrete implementation of such a representation would consist of a collection of 3-D points which define a mesh
(triangulation) lying on the surface. Each 3-D point has a position, an intensity, possibly a normal, and a covariance matrix
characterizing the uncertainty in these parameters. Each point also has a list of neighbors in the mesh, which may vary over
time. Certain points are tagged as edge points, and these are linked together to form 3-D curves. Edge points modify the
smoothness in their neighborhood. In the case of depth (shape) discontinuities, edge points are only linked to surface points on
the upper side of the discontinuity. Free-floating curves, and even isolated point, are also possible.
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Higher level primitives such as line segments or planes can also be added to this representation. A line segment has a list
of edge points which belong to it, and its representation is updated by doing a weighted least squares fit to the positions of
the individual points. Another way to implement this is to add additional forces coupling the constituent points to the line. A
probabilistic formulation is also possible, where the likelihood of a point belonging to a line moderates its interactions with the
line (for example, using robust statistics [Hub81 D.
This generalized surface representation can be built up incrementally from a sequence of images. As certain areas become
more visible, additional mesh points are added to keep the resolution fairly uniform (weak inter-node forces can also be used
to keep the spacing uniform). As it becomes evident that surfaces are separate, their meshes can break apart. Free-floating
edges can attach themselves to surfaces if they are sufficiently close. Measurements inconsistent with the rest of the model
can be thrown out. Of necessity, the behavior of this system is built on a heuristically chosen physically-based model. As the
description becomes more stable, however, probabilistically-based updating rules can be used to ensure good convergence for
the surface model parameters.
The implementation of a complete modeling system based on this new representation will obviously be quite challenging.
However, the potential for accurately modeling both surface shape and sparse geometric features makes this a promising
approach to robust and accurate shape recovery.

11.

Conclusions

The modeling of visible and 3-D surfaces is an essential component of many computer vision tasks. Developing probabilistic
models of such surfaces allows us to obtain robust estimates, to integrate information from different sensors and vision modules,
and to accumulate information over time. For visible surfaces (2- 112 -D depth maps), we can develop probabilistic models using
the Gibbs distribution to relate energies (such as smoothness) to probabilities. This in turn allows us to develop sequential
estimation algorithms based on the Kalman filter which incrementally build surface descriptions from image sequences. To
improve the convergence rate of these algorithm, we have shown how to jointly estimate depth and intensity.
Our ultimate goal is to develop estimation algorithms for full 3-D surface models. Such models are viewpoint independent
and allow us to model parts of the visual world that are not currently visible. Building such models is difficult if we do not know
the parameterization or topology ahead of time. Our current solution to this problem is to estimate local surface patches, and
to later sew these patches into complete surfaces using a mesh-based representation. Our long-term goal is to build complete
3-D surfaces models directly from images, using a representation which models both continuous functions such as shape and
intensity, and sparse features such as edges and points, within a single probabilistic framework.
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